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Noncommutative gravity and the relevance of the θ-constant deformation
M. Dimitrijevic´ C´iric´, B. Nikolic´ and V. Radovanovic´
Faculty of Physics, University of Belgrade, Serbia
In this Letter we construct the noncommutative (NC) gravity model on the θ-constant NC space-
time. We start from the NC SO(2, 3)⋆ gauge theory and use the enveloping algebra approach and
the Seiberg-Witten map to construct the effective NC gravity action. The action and the equations
of motion are expanded up to second order in the deformation parameter. The equations of motion
show that the noncommutativity plays a role of a source for the curvature and/or torsion. Finally,
we calculate the NC corrections to the Minkowski space-time and we show that in the presence of
noncommutativity Minkowski space-time becomes curved, but remains torsion-free. The breaking
of diffeomorphism invariance is understood in terms of the preferred coordinate system. We show
that the coordinates we are using are the Fermi normal coordinates. This suggests that the natural
coordinate system in which one should study NC gravity is given by the Fermi normal coordinates.
NC gravity, general: Formulated at the beginning of
the XX century, General Relativity and Quantum Me-
chanics continue to remarkably well describe physics at
different scales: the scale of planets and the Solar system
and the scale of atoms respectively. Predictions of both
theories have been confirmed by many experiments, the
most recent being the detection of gravitation waves [1].
However, a theory that could unite these two theories
and provide a description of gravity at quantum scales is
still missing. There are different proposals in the litera-
ture: string theory, quantum loop gravity, noncommuta-
tive (NC) geometry, dynamical triangulation,. . . . None
of these proposals is complete, mostly due to the lack of
experimental tests.
NC gravity theories rely on the notion of noncom-
mutative space-time and/or noncommutative geometry.
NC geometry provides a generalization of description
of space-time by smooth manifolds. Introducing NC
relations between coordinates naturally leads to uncer-
tainty relations between coordinates [2] and introduces a
”foamy, grainy” structures instead of the usual smooth
manifolds. In this way one hopes to solve the problem of
divergences in Quantum Field Theories and the problem
of singularities in General Relativity.
During the last fifteen years, different models of NC
gravity theories were considered. We just mention a few
different approaches: NC gravity via the twist approach
[3], emergent NC gravity via the matrix models [4], fuzzy
space gravity models and DFR models [5] and NC gravity
via the NC gauge theory and the Seiberg-Witten (SW)
map [6, 7].
In this Letter, we study one particular model of NC
gravity as a NC gauge theory. We work with the ”canon-
ical” or ”θ-constant” noncommutativity. The main ad-
vantage of this NC space-time is that, due to the con-
stant noncommutativity, it is relatively easy to study
various physics problems. On the other hand, by in-
troducing a constant NC parameter we explicitly break
the diffeomorphism symmetry. Therefore, we need to
understand if this symmetry breaking has some physi-
cal explanation. The gauge group is chosen to be the
SO(2, 3) group. Motivated by different f(R), f(T ) and
other modified gravity models we study the SW map ex-
pansion of our model and obtain correction terms that
can be compared with the existing terms in the modified
gravity models. In our model the relations between dif-
ferent correction terms are not arbitrary but are fixed by
the SW map expansion. Calculating NC gravity equa-
tions of motion, we show that noncommutativity plays
a role of a source for the curvature and torsion. That
is, given a flat/torsion-free space-time, noncommutativ-
ity induces nonzero curvature/torsion on this space-time.
This result is not completely new, it was also discussed
in [8] in a different approach to NC gravity. Especially,
starting from the Minkowski space-time as a solution of
commutative vacuum Einstein equations, the corrections
induced by our NC gravity model lead to a space-time
with a constant scalar curvature, (A)dS-like space-time.
As we mentioned earlier, our model breaks the commu-
tative diffeomorphism symmetry. This symmetry break-
ing can be understood in terms of a preferred coordinate
system we are using. Looking more carefully, we find that
this particular coordinate system is given by the Fermi
normal coordinates. These are coordinates of an observer
moving along a geodesic in curved space-time. In partic-
ular, this is the observer who measures the noncommu-
tativity to be constant. This provides an explanation of
the θ-constant noncommutativity (deformation). It also
suggests that the Fermi normal coordinates are the pre-
ferred coordinate system in which one should study NC
gravity effects.
Commutative model: We start from a commutative
gravity models based on the SO(2, 3) gauge symmetry.
Models of this type appeared in the 1970ies [9] and were
used in the construction of supergravity theories. The
gauge field and the field strength tensor are defined as
ωµ =
1
2
ωABµ MAB =
1
4
ωabσab +
1
2l
eaµγa , (1)
Fµν =
1
2
FABµν MAB = ∂µων − ∂νωµ − i[ωµ, ων ] (2)
=
1
4
(
Rabµν −
1
l2
(eaµe
b
ν − ebµeaν)
)
σab +
1
2l
T aµνγa ,
with e aµ = lω
a5
µ and T
a
µν = lF
a5
µν . The generators MAB
2close the SO(2, 3) algebra
[MAB,MCD] = i(ηADMBC + ηBCMAD
−ηACMBD − ηBDMAC) , (3)
ηAB = (+,−,−,−,+), A,B = 0, 1, 2, 3, 5 .
The quantities in (2) are given by
Rabµν = ∂µω
ab
ν − ∂νωabµ + ωaµcωcbν − ωbµcωcaν ,
T aµν = ∇µe aν −∇νe aµ ,
∇µe aν = ∂µe aν + ωaµbe bν .
More details about the SO(2, 3) algebra and the calcula-
tions that follow can be found in [10]. The commutative
action that we are going to generalize to the NC setting
is a sum of three terms:
S = c1S1 + c2S2 + c3S3
S1 =
il
64πGN
Tr
∫
d4xǫµνρσFµνFρσφ , (4)
S2 =
1
64πGN l
Tr
∫
d4xǫµνρσFµνDρφDσφφ, (5)
S3 =
−i
128πGN l
Tr
∫
d4xǫµνρσDµφDνφDρφDσφφ, (6)
with an additional scalar field φ = ΦAΓA, Γ
A =
(iγaγ5, γ5)[18] transforming in the adjoint representation
of SO(2, 3) and Dµφ = ∂µφ− i[ωµ, φ]. The field φ is used
to break the SO(2, 3) gauge symmetry of the action to
the SO(1, 3) (local Lorentz) gauge symmetry. The action
(4) was introduces by Stelle and West and also analyzed
by Towsend and by MacDowell and Mansouri in their pa-
pers [9]. Actions (5) and (6) were introduced by Wilczek
in [11] as different possibilities to write SO(2, 3) gauge
invariant models.
The symmetry breaking is done by choosing a partic-
ular form of the field φ, namely φa = 0, φ5 = l. The
symmetry breaking can also be spontaneous, for more
details see [11]. After the symmetry breaking the result-
ing commutative action is written as
S = c1S1 + c2S2 + c3S3
= − 1
16πGN
∫
d4x
(
c1
l2
16
ǫµνρσǫabcdR
ab
µν R
cd
ρσ
+
√−g((c1 + c2)R− 6
l2
(c1 + 2c2 + 2c3)
))
, (7)
with
√−g = det eaµ and R = R abµν e µa e νb . The constants
c1, c2 and c3 are arbitrary and, as we shall se later, can
be determined from additional conditions.
The first term in the action (7) is the topological
Gauss-Bonnet term. It does not contribute to the equa-
tions of motion and we shall not consider it further. The
other two terms are the Einstein-Hilbert term and the
cosmological constant term. Note that, depending on
the sign of the coefficient c1+2c2+2c3, the cosmological
constant can be positive, negative or zero. The spin con-
nection ωabµ and the vierbeins e
a
µ are independent fields
in the model. Varying the action (7) with respect to
these fields gives two equations of motion. The variation
with respect to ωabµ gives the vanishing torsion equation.
This equation enables to express the spin connection in
terms of the vierbeins. The variation of the action (7)
with respect to eaµ gives the Einstein equation, written in
terms of the vierbiens. Finally, we conclude that after the
symmetry breaking and solving for the spin connection
in terms of vierbeins we obtain the usual GR: Einstein
equations with an arbitrary cosmological constant.
Noncommutative model and the low energy expansion:
We wish to generalize the commutative model (7) to the
noncommutative space-time. We work in the canonically
deformed (θ-constant noncommutative) space-time and
use the approach of the deformation quantization. The
noncommutative fields are functions of commuting coor-
dinates while their multiplication is given by the noncom-
mutative (but associative) ⋆-product. In the case of the
θ-constant NC space-time, the ⋆-product is the Moyal-
Weyl product given by
f ⋆ g = e
i
2
θαβ ∂
∂xα
∂
∂yβ f(x)g(y)|y→x
= f · g + i
2
θαβ(∂αf)(∂βg)
−1
8
θαβθκλ(∂α∂κf)(∂β∂λg) + . . . . (8)
The deformation parameter is a constant antisymmetric
matrix θαβ . The ⋆-product reduces to the usual commu-
tative multiplication in the zeroth order in deformation
parameter and has higher order corrections that lead to
f ⋆ g 6= g ⋆ f .
The concept of gauge symmetry can be generalized to
the NC setting. We shall use the enveloping algebra
approach and the Seiberg-Witten map [12]. The non-
commutative SO(2, 3)⋆ gauge transformation of the NC
gauge field ωˆµ is defined as
δ⋆ǫ ωˆµ = ∂µΛˆǫ + i[Λˆǫ
⋆, ωˆµ], (9)
with the NC gauge parameter Λˆǫ. It can be shown that
the algebra of NC gauge transformations closes in the
enveloping algebra only[19]. Since the enveloping algebra
is infinite dimensional, it would seem that the NC gauge
theory should have infinitely many degrees of freedom.
The idea of the Seiberg-Witten map is that the NC gauge
transformations are induced by the commutative gauge
transformations, δǫ → δ⋆ǫ . Then
ωˆµ = ωˆµ(ωµ), φˆ = φˆ(φ, ωµ) , (10)
that is, the NC fields are functions of the correspond-
ing commutative fields. The method for solving the SW
map equations is introduced in [13, 14] and the explicit
solutions for the SO(2, 3) gauge group are given in [15].
The important result of this approach is that there are
no new degrees of freedom but new interaction terms ap-
pear. The relations between different (new) interaction
terms are fixed by the SW map.
3The NC generalization of (7) is given by
SNC = c1S1NC + c2S2NC + c3S3NC , (11)
with
S1NC =
il
64πGN
Tr
∫
d4xǫµνρσFˆµν ⋆ Fˆρσ ⋆ φˆ ,
S2NC =
1
128πGN l
Tr
∫
d4xǫµνρσ φˆ ⋆ Fˆµν ⋆ Dˆρφˆ ⋆ Dˆσφˆ+ c.c. ,
S3NC = − i
128πGN l
Tr
∫
d4x εµνρσDµφˆ ⋆ Dν φˆ ⋆ Dˆρφˆ ⋆ Dˆσφˆ ⋆ φˆ .
The action is invariant under the NC SO(2, 3)⋆ gauge
symmetry and the SW map guarantees that after the
expansion it will be invariant under the commutative
SO(2, 3) gauge symmetry. Using the SW map solutions
for the fields Fˆµν and φˆ [15] and the ⋆-product (8), the
action (11) is expanded in orders of the NC parameter
θαβ . The expansion is done around the commutative vac-
uum φ5 = l, φa = 0, that is the symmetry breaking is
done after the expansion of NC fields and ⋆-products.
The zeroth order of the expansion is just the commuta-
tive action (7). The first order correction vanishes. This
is an expected result: it was shown in [6] that, if the NC
gravity action is real, then the first order (in the defor-
mation parameter) correction has to vanish. This result
holds for a wide class of NC deformations, namely the
deformations obtained by an Abelian twist, see [7].
The second order correction is the first non-vanishing
correction. The calculation is long, some details and the
result can be found in [10]. The result, being long and
complicated is not so easy to analyze. Nevertheless, it
enables to study different sectors of our model: high cur-
vature or low curvature, big, small or vanishing cosmo-
logical constant, etc. In this Letter we analyze the low
energy sector of the model. Therefore, in the expanded
NC gravity action we keep only terms that are of zeroth,
first and second order in the derivatives of the vierbeins
eaµ. The resulting action is given by
SNC = − 1
16πGN
∫
d4x
√−g
(
R− 6
l2
(1 + c2 + 2c3)
)
+
θαβθγδ
128πGN l4
∫
d4x e
(6 + 28c2 + 56c3
l2
gαγgβδ
+(−2 + 15c2 + 38c3)Rαβγδ
+(4− 18c2 − 44c3)Rαγβδ
−(6 + 22c2 + 36c3)gβδRαµγµ
+(7− 13
2
c2 − 7c3)T aαβTγδa
+(−8 + 9c2 + 18c3)Tαβγeµa∇δeaµ + . . .
)
. (12)
” . . . ” include terms of the form: θθ∇e∇e, θθT∇e, θθ∇T
and θθT 2, where T labels the torsion tensor T aµν . These
terms are of no importance for the specific solution we
analyze in this Letter. Therefore, we did not write them
explicitly. The complete result is written in [10]. It is
quite interesting to observe that θ2R term vanishes in the
action (12). Thus Einstein-Hilbet term is stable under
NC corrections.
The action (12) is invariant under the local SO(1, 3)
symmetry. The diffeomorphism symmetry is broken, as
expected. Terms that explicitly break this symmetry
are of the form θαβθγδRαγβδ and ∇µeaρ. The first type
of terms, despite the contracted indices, are not scalars
since θαβ is not a tensor but a constant matrix. The sec-
ond type of terms can be rewritten using the metricity
condition as ∇µe aρ = Γσµρe aσ with the affine connection
Γσµρ explicitly appearing in the action.
To obtain the equations of motion, we have to vary the
action (12) with respect to the spin connection ωabµ and
the vierbein eaµ. The equations are given by:
Rνµ − 1
2
gµνR+ Λgµν = τµν , (13)
τµν =
eνa
2e
δS
(2)
NC
δeaµ
,
T cbc e
µ
a − T cac eµb + T µab = S µab , (14)
S µab =
1
2e
δS
(2)
NC
δωabµ
,
where S
(2)
NC is the second order expansion of the action
(12). The explicit expressions for τµν and S µab are given
in [10]. Even without explicitly solving these equations
we can make some important comments. Looking at the
equation (14) we see that noncommutativity is a source
of torsion. Namely, even if we start from a torsion-free
solution (in the zeroth order in the deformation parame-
ter), NC corrections will introduce non-zero torsion in the
second order in the deformation parameter. The analo-
gous conclusion follows from the equation (13): the flat
space-time will become curved due to the presence of
noncommutativity. In the last part of the letter, we ana-
lyze one flat space-time solution, namely the Minkowski
space-time.
NC corrections to the Minkowski space-time:
Minkowski space-time is a solution to the vacuum
Einstein equations without the cosmological constant.
Therefore, we first have to assume that 1 + c2 +2c3 = 0,
that is that the cosmological constant in not present in
the zeroth order. Note that in our previous work [15, 16]
we were not able to choose the value of the cosmological
constant, since we only worked with the action S1NC .
Adding the other two actions S2NC and S3NC with
arbitrary constants c1, c2, c3 enables us to study a wider
class of NC gravity solutions.
Next we assume that the NC metric is of the form:
gµν = ηµν + hµν , (15)
4where hµν is a small correction that is second order in the
deformation parameter θαβ . Inserting this ansatz into
the action (12) and varying with respect to hµν leads to
the following equations of motion:
1
2
(∂σ∂
νhσµ + ∂σ∂
µhσν − ∂µ∂νh−hµν)
−1
2
ηµν(∂α∂βh
αβ −h)
=
11
4l6
(2ηαγθ
αµθγν +
1
2
ηαγηβδη
µνθαβθγδ) . (16)
The right hand side of equation (16) is constant. There-
fore, these inhomogeneous equations are solved by a gen-
eral hµν quadratic in coordinates. We find solution of
the form:
g00 = 1− 11
2l6
θ0mθ0nxmxn − 11
8l6
θαβθαβr
2
g0i = − 11
3l6
θimθ0nxmxn,
gij = −δij − 11
6l6
θimθjnxmxn
+
11
24l6
δijθαβθαβr
2 − 11
24l6
θαβθαβx
ixj . (17)
The scalar curvature of this solution is given by
R = −11
l6
θαβθγδηαγηβδ = const. (18)
This shows that the noncommutativity induces curvature
and the Minkowski space-time becomes (A)dS-like. The
sign of the scalar curvature will depend on the particu-
lar values of the parameter θαβ . The induced curvature
is very small, being quadratic in θαβ and it will be dif-
ficult to measure it. However, qualitatively we showed
that noncommutativity is a source of curvature, just like
matter or cosmological constant. It is tempting to try
to relate the quantity θαβθγδηαγηβδ/l
6 with the actual
value of the cosmological constant, but to be able to to
that we have to first study cosmological solutions and
their corrections induced by our NC gravity model.
The Reimann tensor for the solution (17) can be cal-
culated easily. A very interesting and unexpected obser-
vation follows: knowing the components of the Riemann
tensor, the components of the metric tensor in (17) can
be written as
g00 = 1−R0m0nxmxn ,
g0i = −2
3
R0minx
mxn ,
gij = −δij − 1
3
Rimjnx
mxn . (19)
This form of the metric tensor is typical for a special type
of coordinates, the Fermi normal coordinates. These co-
ordinates are inertial coordinates of a local observer mov-
ing along a geodesic. The time coordinate is just the
proper time of the observer moving along the geodesic.
The space coordinates xi are defined as affine parameters
along the geodesics in the hypersurface orthogonal the
actual geodesic of the observer. Unlike Riemann normal
coordinates which can be constructed in a small neigh-
borhood of a point, Fermi normal coordinates can be
constructed in a small neighborhood of a geodesic, that
is inside a small cylinder surrounding the geodesic [17].
Along the geodesic these coordinates are inertial, that is
gµν |geod. = ηµν , ∂ρgµν |geod. = 0 . (20)
The measurements performed by the local observer
moving along the geodesic are described in the Fermi nor-
mal coordinates. Especially, she/he is the one that mea-
sures θαβ to be constant! In any other reference frame
(any other coordinate system) observers will measure θαβ
different from constant.
With this observation we now understand the breaking
of diffeomorphism symmetry in the following way: there
is a preferred reference system defined by the Fermi nor-
mal coordinates and the NC parameter θαβ is constant
in that particular reference system. This suggests that
the NC gravity should be analyzed in the Fermi normal
coordinates and that this choice of coordinates could sim-
plify the definitions and the analysis of the NC gravity
models in general. In our future work we plan to in-
vestigate other solutions of our NC gravity model, like
NC Schwartzschild solution and cosmological solutions.
Especially, we are interested in the emergence of Fermi
normal coordinates in these solutions and in this way we
hope to gain a better understanding of NC gravity.
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